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The Greenberger-Horne-Zeilinger (GHZ) argument provides an all-or-nothing contradiction be-
tween quantum mechanics and local-realistic theories. In its original formulation, GHZ investigated
three and four particles entangled in two dimensions only. Very recently, higher dimensional contra-
dictions especially in three dimensions and three particles have been discovered but it has remained
unclear how to produce such states. In this article we experimentally show how to generate a
three-dimensional GHZ state from two-photon orbital-angular-momentum entanglement. The first
suggestion for a setup which generates three-dimensional GHZ entanglement from these entangled
pairs came from using the computer algorithm MELVIN. The procedure employs novel concepts sig-
nificantly beyond the qubit case. Our experiment opens up the possibility of a truly high-dimensional
test of the GHZ-contradiction which, interestingly, employs non-Hermitian operators.
PACS numbers:
INTRODUCTION
Developed in the early 20th century, quantum mechan-
ics forms the basis of our modern understanding of mi-
croscopic physics. Many technological developments such
as the laser and semi-conductors are based on the prin-
ciples of quantum mechanics. In addition to its wide
usage in different fields of science and technology nowa-
days, quantum theory has spurred profound questions
about the nature of reality itself. The concept of reality
refers to the fact that physically measurable quantities
of objects possess their properties independent of and
prior to a measurement. The principle of locality states
that in order to ensure a causal structure of the universe,
physical influences must propagate at a finite speed (the
speed of light). The question whether quantum mechan-
ics describes a universe that is local and realistic was first
raised in 1935 by Einstein, Podolsky and Rosen, who
considered a pair of non-separable or entangled quan-
tum particles [1]. Almost 30 years later, John Bell ele-
vated this meta-physical discussion to an experimentally
testable theorem [2] that has found ever-increasing ex-
perimental support in recent years [3–5].
In close analogy to Bell’s theorem, Greenberger, Horne,
and Zeilinger (GHZ) [6, 7] found that the entanglement
of at least three particles results in a stronger violation
of local-realism. In contrast to Bell’s theorem that tests
whether statistical predictions of quantum mechanics are
in conflict with local-realism, the GHZ argument uses
definite (non-statistical) predictions to show a contradic-
tion between quantum theory and local-realistic theories.
While the original GHZ argument for two-dimensional
entangled states was formulated more than two decades
ago [6, 8], its generalization to states of arbitrary dimen-
sions was found only recently [9–12]. Likewise, experi-
mental studies of GHZ entanglement have thus far only
considered quantum states in two dimensions, i.e. qubits.
GHZ states have been realized in a diverse range of physi-
cal systems, including 14 ions [13], up to 10 photons [14–
16] and 10 super-conducting qubits [17, 18]. In all of
these systems, a general recipe exists for increasing the
number of entangled particles.
However, there is no such recipe for extending the di-
mensionality of each individual entangled particle be-
yond qubits. A possible theoretical recipe would be to
use a generalization of the CNOT gate to higher dimen-
sions [19]. However, the question of how to experimen-
tally realize such a gate remains an open one. To find
a direct realization, we tried utilizing the symmetries of
the state and analogies to the qubit experiments. Un-
fortunately, all of these approaches did not prove to be
fruitful. Using an alternative approach, we developed a
computational algorithm called MELVIN to search for pos-
sible experimental realizations [20]. MELVIN has no intu-
ition or prefixed idea of how such an experiment could
look. Therefore, this computer algorithm was able to find
surprisingly resource-efficient but for us humans counter-
intuitive experimental realizations of such complex quan-
tum states.
In this article we show the experimental creation of the
first three-particle Greenberger-Horne-Zeilinger state in
three dimensions. The experimental scheme presented
here is one of several new experiments proposed and in-
spired by our computer algorithm MELVIN [20–23]. Fur-
thermore, we use an entanglement witness to show that
our generated state is indeed genuinely three-particle
and three-dimensionally entangled. Additionally, we pro-
pose an experimental scheme for a multi-setting, high-
dimensional multi-partite violation of local-realism using
our entangled state.
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2FIG. 1: Schematic of the experiment. a)Two non-linear crystals (NLC) each produce a three-dimensionally entangled
pair of photons. A high-dimensional multi-port (MP) transforms each photon according to the transformations displayed
above. The experimental implementation of the MP is shown in the inset. An orbital-angular-momentum mode (OAM) sorter
(depicted in green) sorts incoming photons according to their OAM value (even/odd). A reflection (R) in combination with
a spiral-phase-plate (SPP) in path A changes the OAM value from |`〉 → |-`+ 2〉. A beam-splitter (BS) coherently combines
paths A and B. Finally, a coherent-mode-projection (CMP) projects photons in path A onto |+〉 = |0〉+ |-1〉.
b) Physical principle behind the creation of a three-dimensional GHZ state. Each NLC coherently emits a pair of
high-dimensionally entangled photons. The overall four-photon probability amplitudes (3× 3 = 9) are represented by the red,
green and blue lines. In step 1, the OAM mode-sorter inserted in path B and C prevents a four-fold detection event between
even and odd terms emitted by different crystals. In step 2, the multi-port eliminates the remaining two cross-connections
between the two crystals. Thus only three four-photon probability amplitudes are left. All photons exiting path A of the
multi-port are in the |+〉 state. Thus the final three-dimensional GHZ state is created in the three paths B,C and D and reads
|3, 1, 1〉+ |2, 0, 0〉+ |-1, -1, -1〉.
EXPERIMENT
We choose the orbital-angular-momentum (OAM) of
photons [24–26] as a physical carrier of information in our
experiment. The OAM of photons spans an in-principle
infinite-dimensional, discrete state space and can thus
easily encode three different quantum levels. A three
dimensional, three-particle GHZ state is written as:
|ψ〉 = (|0〉a |0〉b |0〉c + |1〉a |1〉b |1〉c + |2〉a |2〉b |2〉c)/
√
3,
where the numbers refer to the three different states and
the letters to different particles. In this representation,
the perfect correlations among the GHZ state are clearly
visible. If one of the particles, say a is measured to be
in state |2〉, then particles b, c are also found in state |2〉.
Despite these simple correlations, it is a challenging task
to create such a state experimentally. Below, we describe
the at-first-sight counterintuitive approach found by our
computer algorithm MELVIN to create such a state.
We start with two non-linear crystals that each pro-
duce a three-dimensionally entangled state of two pho-
tons. As shown in Fig. 1, each non-linear crystal creates
two probability amplitudes containing odd OAM units
(|-1, 1〉+ |1, -1〉) and one probability amplitude with even
units of OAM (|0, 0〉). If both crystals simultaneously
and coherently emit a photon pair, then 3× 3 = 9 differ-
ent four-photon probability amplitudes occur. All com-
binations are represented by red, green and blue lines
connecting the different probability amplitudes emitted
by the two crystals in Fig. 1b). The goal is that only three
of these probability amplitudes remain in the final three-
dimensional GHZ state. Thus, we need a clever way to
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FIG. 2: Four-Photon Hong-Ou-Mandel Interference.
Experimental data showing the four-photon HOM effect by
measuring |−1 〉〈 − 1|A ⊗ |1 〉〈 1|B ⊗ |−1 〉〈 − 1|C ⊗ |1 〉〈 1|D.
The drop in four-fold “click” events is due to the impossibil-
ity that photon A and B exit the beam-splitter in different
paths if they are indistinguishable. Fitting the experimental
data points with an assumed Gaussian spectrum yields a vis-
ibility of 83.4% and a width of 800µm. Error bars indicate
Poissonian noise in the photon-count rate.
prevent the other six probability amplitudes from occur-
ring in our experiment. First, we only focus on cases in
which a photon is simultaneously detected in each detec-
tor A, B, C and D, comprising a four-fold detection event.
In addition, we use a new type of multi-port that oper-
ates on a high-dimensional state-space with three input
and three output ports.
In comparison with a polarizing beam splitter that is
routinely used to create two-dimensional GHZ states in
polarization, the high-dimensional multi-port (MP) has
several special features. One of these features is that
for every input port (A,B,C), a different state from
the basis set {|−1〉 , |0〉 , |1〉} is transformed into a co-
herent superposition of two output ports, as shown in
Fig. 1b). This will turn out to be a key feature of the
multi-port. From the transformation table for the multi-
port shown in Fig. 1, we can now understand how the
three-dimensional GHZ state is generated in our experi-
mental setup.
The transformation rules of inputs B and C show that
a four-fold event can only occur if both crystals emit
either even or odd-valued two-photon OAM probability
amplitudes. All mixtures between even and odd states
are thus prevented by the OAM mode-sorter, comprising
the first step in the multi-port. The working principle of
the mode-sorter itself is based on interferometry [27] and
it coherently sorts OAM values according to their parity
and thus also conserves the entanglement between the
respective modes [28]. Therefore, only five possibilities
remain which all have the same parity, see Fig. 1 b).
For the generation of a two-dimensional GHZ state, such
a distinction is already sufficient to create a GHZ-like
entangled state. In the three-dimensional case, however,
there is still the cross-correlation between the odd OAM
probability amplitudes, as shown in Fig. 1b.
The possibility |−1, 1〉AB ⊗ |1,−1〉CD is prevented by
the multi-port because it does not result in a four-photon
detection event after the transformations shown in Fig.
1a. Interestingly, the other cross-connection between
|1,−1〉AB ⊗ |−1, 1〉CD is prevented by two-photon inter-
ference at the beam splitter (BS), the so-called Hong-
Ou-Mandel (HOM) effect [29]. This effect can be di-
rectly measured and the experimental result is shown in
Fig. 2. Ideally, the probability of simultaneously measur-
ing a photon in each detector is zero. However, this prob-
ability depends on the distinguishability of the photons
involved (see Supplementary for details). Therefore, this
measurement also serves to estimate how well the multi-
port and the two entanglement sources work. In our case,
the probability amplitude |1,−1〉AB ⊗ |−1, 1〉CD is sup-
pressed by 83.4%.
After the two steps through the multi-port, we are left
with three remaining links. These connections represent
the generated three-dimensional GHZ state. The photon
in path A is always in state |+〉 = |0〉+ |-1〉 state and can
therefore be factorized from the other three photons B,C
and D. This means that photon A is no longer entangled
with the other three photons. The remaining probability
amplitudes undergo a transformation according to the
transformation rules imposed by the multi-port. Thus
the final state created in paths B,C,D reads:
|ψ〉 = 1√
3
(|2, 0, 0〉+ |3, 1, 1〉+ |−1,−1,−1〉).
This state is exactly the desired three-dimensional three-
particle GHZ state, which can be seen by locally changing
the modes 2→ 0 and 3→ 1.
We use an entanglement-dimension witness [30] to
verify that our three-photon state is indeed genuinely
multi-partite entangled in three dimensions. This ap-
proach is based on the idea that the overlap of an
ideal three-dimensional GHZ state with any state from
a lower dimensional entanglement structure cannot ex-
ceed a certain maximum value. If our measured state
exceeds this maximum fidelity, it is genuinely multi-
partite entangled in dimension three. The entangle-
ment structure is defined according to the Schmidt-
Rank-Vector (SRV) formalism [31]. Each number in
the SRV corresponds to the entanglement dimensional-
ity of one party with respect to the remaining two par-
ties. Thus for the GHZ state, all three bi-partitions
{A|BC, B|AC, C|AB} are three-dimensionally entan-
gled, giving an SRV = (3, 3, 3). The maximum possi-
ble fidelity between a (3, 3, 3) state |ψ〉 and any quan-
tum state χ with a smaller dimensionality structure, e.g.
χ ∈ (3, 3, 2) is Fmax = max
χ∈(i,j,k)
Tr(χ |ψ〉 〈ψ|) ≤ 2/3, for
all permutations of (i, j, k) with i, j ≤ 3 and k ≤ 2.
Thus if the fidelity of our experimentally created state
4FIG. 3: Experimentally measured density matrix ele-
ments. Here the measured density matrix elements for cal-
culating the fidelity Fexp = 75.2% are depicted (blue/green
elements represent diagonal/off-diagonal entries). This veri-
fies genuine multi-partite entanglement in (3,3,3) dimensions
with 3 standard deviations. The unbalancing of the diago-
nal elements results from the three-dimensional two-photon
sources and is expected. Furthermore, 87.8% of the detected
counts of the diagonal elements are in the expected elements.
The average coherence of the measured state is approximately
81.7%. Perfect coherence is indicated by empty bars.
ρ, Fexp = Tr(ρ |ψ〉 〈ψ|) exceeds this bound Fmax, we have
shown that we have indeed created a genuinely (3, 3, 3)-
dimensionally entangled state. This witness has the re-
markable advantage that only the expected non-zero den-
sity matrix elements need to be measured, which signifi-
cantly reduces the measurement time.
The absolute values of the measured density matrix el-
ements are depicted in Fig. 3. The diagonal elements are
simple projection measurements in the computational ba-
sis. However, each off-diagonal element is reconstructed
from 64 consecutive two-dimensional subspace measure-
ments. Hence, a total of 219 measurements are per-
formed in order to reconstruct the necessary density ma-
trix elements. In total, we observed 1652 simultane-
ous four-photon “click” events in 378 hours. Due to
the long measurement time, we also applied accidental-
count subtraction (see Supplementary for details). From
this data, we calculate the experimental fidelity to be
Fexp = 75.2% ± 2.88% which certifies with 3 standard
deviations that the observed state is indeed genuinely
three-dimensional and three-photon entangled. The er-
ror was calculated using Monte-Carlo simulations with
Poissonian counting statistics.
MULTI-SETTING THREE-PARTICLE GHZ
EXPERIMENT IN THREE-DIMENSIONS
Although the extension from two to three-dimensional
GHZ states might seem to be only a modest step for-
ward, the implications are rather profound. Our results
confirm that an experiment is possible where the GHZ
contradiction is realized in higher-dimensions. Such a
contradiction has novel interesting features beyond the
qubit case. Here we follow the theoretical construction
given by Lawrence [11, 32] and explicitly point to the con-
ceptual differences as compared to the qubit case. Most
interestingly to use hermitian local observables does not
lead to a GHZ contradiction. Likewise the three-particle
observables do not commute as they do in the qubit case.
It turns out that the crucial feature which is retained in
the three-dimensional case is the unitarity of all observ-
ables.
The essential ingredients for an all-versus-nothing vi-
olation of local-realistic theories are that we use single-
particle observables and that the observables have def-
inite outcomes. This means that in the quantum me-
chanical description, the three-body observables are con-
structed from the tensor product of the local observables
and that all these observables have the GHZ state as a
common eigenstate. A set of such observables is called a
concurrent set [33]. These three-body observables don’t
necessarily need to commute, as they do in the two-
dimensional case. Also in contrast to the original two-
dimensional GHZ proposal, we use three local observables
called X,Y, and W . Since X,Y, and W are unitary oper-
ators, their eigenvalues are complex numbers. This is in
stark contrast to the 2-dimensional case where hermitian
observables with real eigenvalues are used. In analogy to
the qubit case we define a Mermin operator O (see Sup-
plementary for details) which is maximized by the GHZ
state and yields a value of 9. Under local-realistic as-
sumptions, the maximum value for the Mermin operator
is 6, as shown in Fig. 4c). Thus in a real experiment,
one can only observe a value greater than 6 by violating
either the locality or the element of reality assumption.
In our proposed experiment, the photons are sent to
three spatially separated observers, see Fig. 4 a). Al-
ice, Bob and Carol then have the possibility to set one
of the three measurement settings X, Y and W at their
local measurement device. This measurement apparatus
consists of a unitary transformation, which transforms
the photon locally into the eigenbasis of the measure-
ment setting. Such transformations have recently been
found by our computer algorithm MELVIN and also exper-
imentally demonstrated [22, 34]. Subsequently, a Stern-
Gerlach type apparatus sorts the photons according to
their OAM value |0〉 , |1〉 or |2〉 [27, 35, 36]. In each of
these three paths, a single-photon detector is assigned to
a complex number, namely {1, ω, ω2}. Decisive is now
the conditional probability to consider when the three
observers at the same time receive a certain measure-
ment result. A brief example to illustrate: Alice, Bob
and Carol all select the setting X at their local measur-
ing devices. Then all of them get a measurement result
which gives one of the three possible values {1, ω, ω2}
5FIG. 4: a) Schematic of the GHZ contradiction. The three-particle and three-dimensionally entangled GHZ state is
produced in the center and then send to Alice, Bob and Carol. They are spatially separated and can independently choose
one of the three transformations {X,Y,W}. An orbital angular momentum sorter (S) then routes the different OAM values
` ∈ {0, 1, 2} into different paths. Each path is now assigned with a number corresponding to the OAM value, such that
v(`) = ω`. b) Each value v(`) can now be identified with an arrow of unit length and a corresponding direction. Since these
values form a group under multiplication, the multiplication results again in one of these values. Quantum mechanically, all
different settings result in precisely the same outcome, namely 1. This shows the perfect correlations present in quantum
mechanics. Local-realistically there exist 19.683 different possibilities, but non of them is perfectly correlated. c) If we sum up
the results from the nine settings, we see quantum mechanically we can reach a value of 9. In the local-realistic picture, there
exist sixteen possible values (shown as blue dots), nicely arranged on regular convex polygons. But each of them is contained
within a circle of radius 6. This clearly shows the contradiction between quantum mechanics and local-realism.
with equal probability. If, however, the three local mea-
surement results of Alice, Bob and Carol are multiplied,
the result is always one, as mentioned above. This re-
flects the perfect correlations which are present in the
GHZ state.
Such perfect correlations are only possible with an
ideal state. This is difficult to achieve in a real exper-
iment. But perfect correlations are not necessary for
a statistically significant violation of local-realistic the-
ories. The decisive criteria for the quality of the state
produced and whether a violation is possible in princi-
ple is discussed here. The three criteria which determine
the quality of the generated state are white-noise, aver-
age coherence and weighting of the individual terms in
the GHZ state. From our experimental data we see that
on average, the expected versus the observed magnitude
of the off-diagonal elements of our state is 81.7%, which
therefore measures the average coherence. Additionally,
87.8% of the detected counts in the diagonal elements
are in the expected elements, thus 12.2% is the amount
of white-noise present in our state. We then theoretically
construct a density matrix ρp which contains these three
parameters and calculate from this the expectation value
for the generalized Mermin operator O, which yields with
our parameters a result of 〈O〉ρp = 6.26±0.25 (details in
the Supplementary). The limit for local-realistic theories
is 6. It is therefore realistic that with our experimen-
tally generated state such an experiment can actually be
carried out. Realistic improvements could include novel
high-dimensional two-photon sources [23] to achieve an
equal weighting of the individual terms in the GHZ state.
In addition, it is possible to significantly increase the
photon counting rate with this method. This makes it
possible to use narrower spectral filters, which in turn
improves the average coherence.
CONCLUSION
In conclusion, we have shown the first experimental
realization of a Greenberger-Horne-Zeilinger state entan-
gled in three dimensions for each of the three photons.
Remarkably, our experimental method for generating this
state was found through the use of a computer algorithm
called MELVIN. The unconventional approach proposed
by MELVIN not only made the actual generation of this
state possible, but also shows that such algorithms are a
key resource for finding ways to create increasingly com-
plex quantum states. In addition, we have elaborated
a three-dimensional multi-setting “all-or-nothing” test of
local-realism that can be implemented with our entan-
gled state. For such experiments, an open theoretical
question remains as to whether one can find stronger
and more robust violations of local-realistic theories for
multi-partite and high-dimensional entanglement than
the one presented here. On the applications front, this
work opens new opportunities to experimentally inves-
tigate quantum-secret-key sharing in higher dimensions.
Such protocols based on higher-dimensional GHZ states
offer an unprecedented level of security against several
6different hacking attacks [37]. Another interesting appli-
cation is to utilize high-dimensional encoding to reduce
the complexity of quantum computing algorithms [38].
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7SUPPLEMENTARY
Three-Dimensionally Entangled Photon Pair Source
We use a type II colinear spontaneous-parametric-
down-conversion (SPDC) process in a 1mm long peri-
odically poled KTP crystal to create photon pairs en-
tangled in their orbital-angular-momentum (OAM) de-
gree of freedom. Due to the conservation of OAM
in the SPDC process the created quantum state reads
c0 |0, 0〉+c1 |1,−1〉+c1 |−1, 1〉+c2 |2,−2〉+· · · , where the
|ci|2 coefficients give the probability that certain OAM
modes are created. Naturally it is more likely that an
OAM mode ` = 0 is created than a ` = 2 mode, for ex-
ample. But the distribution of the ci coefficients can be
tuned to some extend using the pump beam and the col-
lection beam waist [39]. Here the pump beam waist is set
to 35µm and the collection beam waist to 22µm. This
results in an unequal distribution of the ci coefficients.
The ratio between the c0 : c1 ≈ 1.7 : 1 and c1 : c2 ≈ 2 : 1.
We chose this unequal distribution because for an ideal
equal distribution the absolut count rates in the ` = 0
and ` = ±1 mode would be lower. And in our setup
these are the only modes that are required to generate
the three-dimensional GHZ state.
The SPDC process is driven by a pulsed laser centered
at 404nm with a pulse length of ≈ 140fs, a repetition
rate of 80 MHz and a maximum power of 700 mW. This
results in approximately 13.000 photon pairs in the |0, 0〉
and 4.100 photon pairs in the |±1,∓1〉 mode per second
and per nm spectral bandwidth.
Temporal Distinguishability of Photon-Pairs
Created in Separate non-linear Crystals
The interference visibility of two photon pairs created
in a SPDC process at a beam splitter critically depends
on the temporal distinguishability of these photon pairs.
In the analysis given here we closely follow [40]. For sim-
plicity we model our system as two non-linear crystals
(ppKTP) phase-matched for Type-II down-conversion,
where the two signal photons are overlapped at a beam
splitter. Thus equation (8.18) from [40]
P4(∆T ) = C
∫
dω1dω
′
1dω2dω
′
2
|φ(ω1, ω2)φ(ω′1, ω′2)− φ(ω′1, ω2)φ(ω1, ω′2)ei(ω
′
1−ω1)∆T |2,
describing the probability of detecting a four-photon
“click” event applies, where C is a normalization
constant, ∆T the time difference between the photons
arriving at the beam splitter and φ(ωi, ωj) describing
the joint-spectral-amplitude (JSA) of the SPDC pro-
cess. A necessary and sufficient criterion to obtain the
maximum visibility of one at ∆T → 0 is that the JSA
is symmetric under exchange of the arguments and
also factorisable φ(ωi, ωj) = φ(ωj , ωi) = ψ(ωi)ψ(ωj).
The symmetry of the JSA is dependent on the group
velocity of the signal and idler photons. Since we are
using a Type-II SPDC source, these group velocities
are different. Nevertheless, it turns out that in our
case the factorize-ability sets significantly more strin-
gent constraints on the spectral filtering. Therefore,
the difference in the group velocities for horizontally
and vertically polarized photons is neglected. To
gain further physical insight in the factorize-ability
condition on the JSA function, we use a simplified
model φ(ωi, ωj) = α(ωi, σf )α(ωj , σf )β(ωi, ωj ,∆k),
with α(ωi, σf ) = Exp(−(ωi/σf )2) describing
a Gaussian spectral filter and β(ωi, ωj ,∆k) =
γ(ωp, σf )sinc(∆k(ωi, ωj)L/2) with ∆k(ωi, ωj) char-
acterizing the phase-matching condition, L is the
crystal length and γ(ωp, σp) = Exp(−(ωp/σp)2) mod-
eling the spectral distribution of the pump beam.
For a femto-second pulsed laser, 150fs in our case,
the pump spectral width is Fourier limited to ap-
proximately σp ≈ 2nm at 404nm center wavelength.
The phase-matching condition for a type II collinear
SPDC process can be approximated to first order with
∆k(ωi, ωj) ≈ (v−1p − v−1i )ωi + (v−1p − v−1s )ωs with
vi = vs denoting the group-velocity of the respective
wavelength and polarization (which is neglected here).
For simplicity we approximate the sinc-function with a
Gaussian-function of approximately the same full width
at half maximum value. This results in a new JSA given
by φ′(ωi, ωj) = α(ωi, σf )α(ωj , σf )β′(ωi, ωj ,∆k), with
β′(ωi, ωj ,∆k) = γ(ωp, σf )Exp(−(ωi + ωj)2/(σ2GVM ),
with σGVM = 2/(
√
5L(v−1p −v−1i,j )). The factorize-ability
of the JSA is crucially dependent on σGVM , which
denotes the width according to the group velocity
mismatch and the length of the crystal. In order to
obtain a factorisable JSA, the spectral filtering σf needs
to be smaller or at least equal to σGVM . The visibility is
now defined as V = P4(∆T→∞)−P4(∆T→0)P4(∆T→∞) . Calculating
the visibility with the above mentioned approximations
leads to
V =
σGVM
√
2σ2f + σ
2
GVM
σ2f + σ
2
GVM
.
This formula underpins the physical intuition that two
pairs of photons created in different crystals are tem-
poral indistinguishable if the possible timing resolution
due to their spectral bandwidth is larger then the av-
erage timing jitter in their creation time. This average
timing jitter is governed by the group velocity mismatch
between pump and down-converted photons, as well as
the length of the crystal. For a 1mm long ppKTP crys-
tal σGVM ≈ 559GHz which corresponds to ≈ 1.2nm at a
center-wavelength of 808nm. Thus we chose our filters to
be at the same value of σf = 1.2nm and expect therefore
8a visibility of approximately 86%.
Detailed Calculation of ρp
ρp = p |GHZ〉 〈GHZ|+ (1− p)
27
127 − cρdep., (1)
with |GHZ〉 denoting the ideal GHZ state |GHZ〉 =
α |000〉 + β |111〉 + γ |222〉, 127 representing a 27-
dimensional identity matrix simulating white-noise p and
ρdep. denoting the dephasing term simulating the average
coherence c.
Estimation of the generalized Mermin operator O
〈O〉ρp =
9cp (αβ∗ + γα∗ + βγ∗)
|α|2 + |β|2 + |γ|2 = 6.26± 0.25 (2)
Estimated values for calcuting the generalized Mermin
operator from experimentally measured density matrix.
TABLE I: Estimated values for calculating the generalized
Mermin operator from experimentally measured density ma-
trix.
White-Noise [p] avg. coherence α β γ
0.878 0.817 0.685 0.588 0.491
Higher-Order Effects
In our experimental setup there are two sources of
higher-order contributions. First, due to the natural con-
servation of OAM in the SPDC process the overall state
produced by our SPDC source reads c0 |0, 0〉+c1 |1,−1〉+
c1 |−1, 1〉 + c2 |2,−2〉 + · · · . The higher OAM values
` = 2, 3, 4, ... are unwanted terms in our setup. Fortu-
nately, all these terms don’t contribute to the final state.
This stems from the fact that we only take events into
account where all four detectors simultaneously detect a
photon and detector A can only detects either ` = 0 or
` = −1 photons. Thus we only need to check the proba-
bility amplitudes that can lead to these OAM quanta in
detector A. Only photons from crystal 1 in path A un-
dergo a reflection followed by a SPP which adds an OAM
quanta of +2. All the other paths (B,C) before the multi-
port do not change their absolute OAM quanta. Thus the
probability amplitude |2,−2〉AB from crystal 1 is trans-
formed to |0,−2〉AB and could be detected in detector
A. This probability amplitude is not in the subspace for
photon A, which is given by {−1, 2, 3}. Therefore it will
not contribute to the final state.
The second source of higher-order effects are double
pair emissions of one crystal. If only one of the two non-
linear crystals emits two pairs of photons, no simultane-
ous detection in all four detectors can occur. Thus we
can focus on the case where one non-linear crystal emits
one pair and the other emits two pairs. Let us look at
the worst case scenario, which is that both crystals emit
the |0, 0〉 mode (which is the most likely one). The ob-
served photon pairs per second are proportional to the
repetition rate R of the laser, the overall detection effi-
ciency η squared and the mean photon number per pulse
µ. We estimate the overall detection efficiency (detector
≈ 65%, SLM ≈ 85%, SMF ≈ 80%) to be 44%. Thus for
13.000 photon pairs per second we calculate a mean pho-
ton number per pulse of µ = 8.4× 10−4. There are three
different possibilities in our setup that allow simultane-
ous four-photon detection events that could occur from
six photon emission. The first two are that one crys-
tal emits two pairs and the other crystal one pair, while
the second possibility is that the second crystal emits 3
pairs simultaneously. Thus the ratio between a simul-
taneous six photon detection event and a four photon
detection event is 3×µ
3η6
µ2η4 = 3 × µη2 = 4.8 × 10−4. This
is approximately 3 orders of magnitude lower than our
expected four photon detection events. Therefore we can
safely neglect higher order contributions from double pair
emission.
Prediction and Accidental-Count Subtraction of
Simultaneous Four-Photon Detection Events
A simultaneous four-photon detection event occurs
purely statistically. The probability of two independent
events to occur simultaneously is given by the product
of the probabilities. Whenever crystal one and two si-
multaneously emit a pair of photons they can either ar-
rive at the detector pair (AB)&(CD), (AC)&(BD) or
(AD)&(BC). The probability to observe such a four-
photon event p4-ph is then given by the sum of the prod-
ucts of the probabilities pi,j that a photon pair is detected:
p4-ph = pAB × pCD + pAC × pBD + pAD × pBC. (3)
Now by measuring the actual photon pairs detected be-
tween the different detectors, we can predict how many
simultaneous four-photon events we expect. A compari-
son between theory and our final measurements is shown
in Fig. 5 and it shows a very good overlap between theory
and experiment.
Here we would like to discuss the issue of acciden-
tal four-photon detection and their origin in detail. As
we have seen, the overall probability to observe a four-
photon event is dependent on all three possible combi-
nations of two photon events. Now the problem can be
illustrated with the following example. We expect two
photon events between detector C and D only in the
9FIG. 5: Comparison of expected and measured four-
photon events. Here we compare the theoretically expected
four-photon events due to measured two-photon events ac-
cording to equation 3 with the actually measured four-photon
events. Here all observed two-photon and four-photon events
are taken into account. Error bars are given due to Poissonian
counting statistics.
|0, 0〉CD state. Thus probing detectors C and D in the
state |1, 0〉CD should yield zero two photon events. But
experimentally we still find a small probability for such
events. This is because there is another expected two-
photon event between detector B and C for the |−3, 1〉BC
state. This means there are independent single photon
events between detector C and D in the state |1, 0〉CD.
The probability for such an event to occur can be calcu-
lated by
acci,j =
Si × Sj
τ2int × rep. Rate
(4)
with τint denoting the integration time and rep. Rate
is the repetition rate of the pulsed laser (in our case
80MHz). The validity of this approach can be checked
FIG. 6: Comparison of the actually measured acciden-
tals and expected accidentals calculated from single
photon events. By shifting two detectors relative by one
pulse (12.5ns) to each other we can actually measure the de-
tected accidental counts that stem from single-photon events
only. We compare this in this graph with the estimation from
equation 4 and use the average of all single photon counts
detected in the complete experiment. Error bars are due to
Poissonian counting statistics.
experimentally. In order to do so we shift two detec-
tors exactly by one pulse length (12.5 ns) with respect
to each other. Thus two-photon events can only oc-
cur statistically any more. Fig. 6 shows a comparison
between the measurements where the two detectors are
shifted relative to each other and the estimated acciden-
tal counts. The very good overlap between the measured
and expected accidentals shown in Fig. 6 validates our
approach. These accidental two-photon events now con-
tribute to the overall four-photon events in the following
way:
acc4-ph = accAB × CCCD + accCD × CCAB (5)
+accAC × CCBD + accBD × CCAC
+accAD × CCBC + accBC × CCAD,
with CCi,j denoting the two-photon events between de-
tectors i and j. In Fig. 7 we show the accidental four-
photon events that we subtract from the actually ob-
served ones. The resulting density matrix where the ac-
cidental four-photon events have been subtracted is then
used to calculate the entanglement witness and to esti-
mate the expectation value for the Mermin operator.
FIG. 7: Calculated accidental four-photon events. The
calculated accidental four-photon events from equation 5 are
shown for the diagonal elements. It is clearly visible, that
whenever the |0, 0〉 mode from crystal two is involed, the acci-
dental four-photon rate is significantly higher than the others.
Detailed Experimental Setup
The experimental setup depicted below includes addi-
tional mirrors that are not shown in Fig. 1 for simplicity.
With these elements included, our state is unitarily mod-
ified to the following form:
|ψ〉 = 1√
3
(|−2, 0, 0〉+ |−3, 1,−1〉+ |1,−1, 1〉) (6)
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FIG. 8: Detailed Experimental Setup. A Ti:Sapphire pulsed laser source with pulse duration of 140fs and repetition rate
of 80 MHz centered at 808nm is focused by lens L1 into a β-Barium Borate crystal (BBO) to produce pump pulses at 404nm
via the process of second harmonic generation. In order to avoid damage, the BBO crystal is moving periodically with a motor
(M). Lens L2 re-collimates the 404nm pump pulses, which are separated from the 808nm laser by a dichroic mirror (DM1).
Two OAM-entangled photon pairs are produced via type-II spontaneous parametric down-conversion in two periodically poled
Potassium Titanyl Phosphate (ppKTP) crystals (NL1 and NL2) of dimensions 1 × 2 × 1mm. The full-width half-maximum
beam waist of the 404nm pump laser at the crystals is 35µm with an average power of 700mW. To prevent gray-tracking and
crystal damage, the ppKTP crystals are moved periodically up and down in steps of 200µm via motors (M). A second dichroic
mirror (DM2) separates the entangled photon pairs from the 404nm pump laser beam. Lenses Lc are used to collimate the
down-converted 808nm photon pairs. A 4f imaging system Lk is used to perfectly image the 404nm pump beam from crystal
NL1 to crystal NL2 to ensure that the pump beam mode is exactly the same at both crystals. The two lenses Lk are chosen
such that they compensate for the Kerr-lensing effect in the first non-linear crystal. Polarizing beam splitter (PBS) are used
to deterministically separate all four photons. A moving trombone system of mirrors (TB1) is used to ensure that photons
from both crystals arrive at the OAM mode sorter at the same time. A second moving trombone system of mirrors (TB2) is
used to ensure that photons from the first crystal arrive at the beam-splitter (BS) at the same time. Thus it is guaranteed
that all photons emitted from the first NLC and the second NLC can interfere coherently with each other. The OAM beam
splitter is implemented in a double Sagnac interferometer configuration that allows for stable operation over several days. Note
that this is different from the physical implementation shown in Fig. 1 (for simplicity), but has exactly the same physical
outcome. A piezo controlled mirror (M) is scanned every hour to optimize the alignment of the interferometer and ensure
that it is sorting OAM modes correctly. Two half-wave plates (HWPs) at 45◦ rotate the photon polarization from vertical to
horizontal in paths A and D. Projective measurements are performed by four spatial-light-modulators (SLMs) in combination
with aspheric lenses and single mode fibers, which guide the photons to single photon avalanche diodes (Det A, B, C, and D).
Additionally, narrow-band filters (IF) with 1.2nm FWHM spectral width at 808nm are used before all four detectors to ensure
spectral indistinguishability between the interfering photons.
(333)-Entanglement witness
In order to prove that the state is indeed a (333)-type
entangled state we have to prove that it cannot be decom-
posed into states of a smaller dimensionality structure.
We thus have to show that it lies outside the (332)-set
of states, that is the convex hull of all states that can be
decomposed into 322, 323 and 233 states. This witness
was developed in [30] and we follow this approach here.
From the measured data we can extract the fidelity to
the ideal state
|Ψ〉 = 1√
3
(|2, 0, 0〉+ |−1,−1,−1〉+ |3, 1, 1〉) , (7)
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which we will denote as Fexp := Tr(ρexp|Ψ〉〈Ψ|). We thus
need to compare the experimental fidelity with the best
achievable fidelity of a (332)-state, i.e.
Fmax := max
σ∈(332)
Tr(σ|Ψ〉〈Ψ|) . (8)
If Fexp > Fmax, we can conclude that the experimen-
tally certified fidelity cannot be explained by any state
in (332) and thus the underlying state is certified to have
an entangled dimensionality structure of (333). In [30] it
is shown how to calculate Fmax. According to Eq. (11,
12 and 13) in [30] we only need to calculate the Schmidt
coefficients λi of our target state |Ψ〉 for all three possible
bi-partitions A—BC, B—AC and C—AB:
they are {1/
√
3, 1/
√
3, 1/
√
3}. (9)
Now due to equation (11 and 12) in [30] Fmax is given
by the sum of all but the smallest Schmidt coefficients
squared, which is in our case
Fmax =
1
3
+
1
3
=
2
3
. (10)
Witness Measurements
The experimental fidelity Fexp := Tr(ρexp|Ψ〉〈Ψ|) de-
termines which measurements are required. The pro-
jector |Ψ〉〈Ψ| projects only onto the non-zero diagonal
and off-diagonal elements contained in the density matrix
ρexp. Additionally, for the purpose of normalization, it is
necessary to measure all other diagonal elements in ρexp.
This results in 27 diagonal and 3 unique off-diagonal el-
ements that need to be measured in order to calculate
Fexp. In our experiment, we can only perform projec-
tive measurements with SLMs. A diagonal element is
given by one single projection 〈ijk|ρ|ijk〉 = C(ijk)CT , with
CT :=
∑
i=−1,0,1
∑
j=−1,0,1
∑
k=0,1 C(ijk) containing all
diagonal elements for normalization. Out of the six off-
diagonal elements, only three are unique and need to be
measured: 〈000|ρ|1-11〉, 〈000|ρ|-111〉 and 〈-111|ρ|1-11〉.
Note that the last off-diagonal element is only in a two-
particle superposition. Hence, it can be measured in the
standard way that two-particle two-dimensional states
are usually measured. In order to measure the other two
off-diagonal elements with projective measurements, we
decompose them into σx and σy measurements. The real
and imaginary part of each element can be written as
<[〈ijk|ρ|lmn〉] = 〈σi,lx ⊗ σj,mx ⊗ σk,nx 〉− 〈σi,ly ⊗ σj,my ⊗ σk,nx 〉− 〈σi,ly ⊗ σj,mx ⊗ σk,ny 〉− 〈σi,lx ⊗ σj,my ⊗ σk,ny 〉 (11)
=[〈ijk|ρ|lmn〉] = 〈σi,ly ⊗ σj,my ⊗ σk,ny 〉− 〈σi,lx ⊗ σj,mx ⊗ σk,ny 〉− 〈σi,lx ⊗ σj,my ⊗ σk,nx 〉− 〈σi,ly ⊗ σj,mx ⊗ σk,nx 〉 ,
where σa,bx = |a〉 〈b|+ |b〉 〈a| and σa,by = i |a〉 〈b| − i |b〉 〈a|.
The σx,y operators are also not measurable directly with
SLMs and are therefore rewritten using the following op-
erators:
P̂+(a, b) = |+〉 〈+|(a,b) = |a〉 〈a|+ |b〉 〈b|+ |a〉 〈b|+ |b〉 〈a| (12)
P̂−(a, b) = |−〉 〈−|(a,b) = |a〉 〈a|+ |b〉 〈b| − |a〉 〈b| − |b〉 〈a|
P̂+i(a, b) = |+i〉 〈+i|(a,b) = |a〉 〈a|+ |b〉 〈b| − i |a〉 〈b|+ i |b〉 〈a|
P̂−i(a, b) = |−i〉 〈−i|(a,b) = |a〉 〈a|+ |b〉 〈b|+ i |a〉 〈b| − i |b〉 〈a| ,
where |+〉(a,b) = |a〉+ |b〉, |−〉(a,b) = |a〉 − |b〉, |+i〉(a,b) =
|a〉+ i |b〉 and |−i〉(a,b) = |a〉 − i |b〉. These superposition
states can be measured with SLMs in our experiment.
Thus the σ operators from Eq. 11 can be written in the
following manner:
σa,bx =
1
2
(
P̂+(a, b)− P̂−(a, b)
)
σa,by =
1
2
(
P̂−i(a, b)− P̂+i(a, b)
)
. (13)
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This leads to 64 projection measurements required for
measuring each of the three off-diagonal elements. Sum-
ming up these measurements as well as the 27 diagonal
elements leads to 219 total measurements. From these
measurements, the overlap between the generated state
ρexp and the ideal state (332)-state |Ψ〉 is calculated to be
Fexp = 75.2%± 2.88%. The error in the overlap is calcu-
lated by propagating the Poissonian error in the photon-
counting rates by performing a Monte Carlo simulation
of the experiment.
Details of the Three-Dimensional Multi-Setting
GHZ Argument
The three-dimensional cyclic-ladder operator X is de-
fined as X |`〉 = |`⊕ 1〉. The other two local observ-
ables are rotated cyclic operators Y = Z1/3XZ−1/3 and
W = Z2/3XZ−2/3, with Z |`〉 = ω` |`〉 and ω = e2pii/3.
The possible outcomes of these local observables are given
by their set of eigenvalues {1, ω, ω2}.
Next, we choose a set of three-body observables with
the GHZ state as eigenstate. The following concurrent
set leads to a genuine three-dimensional GHZ contrac-
tion: {
XXX (1), Y Y Y (ω), WWW (ω2),
XYW (ω), XWY (ω), Y XW (ω),
Y WX (ω), WXY (ω), WY X (ω)
}
,
where we denote the quantum mechanical expectation
value for the GHZ state in brackets (·). Next, we define
a generalized Mermin operator such that it maximizes
the quantum mechanical expectation value:
O = XXX + ω−1Y Y Y + ω−2WWW
+ω−1
(
XYW +XWY + Y XW
+YWX +WXY +WYX
)
.
Since every single term in this sum has an expectation
value equal to one, the expectation value is 〈O〉GHZ =
9. If we now assign values according to a local-realistic
theory, each single particle observable Ak takes a definite
value v(Ak) ∈ {1, ω, ω2} in
X1X2X3 + ω
−1Y1Y2Y3 + ω−2W1W2W3
+ω−1
(
X1Y2W3 +X1W2Y3 + Y1X2W3
+Y1W2X3 +W1X2Y3 +W1Y2X3
)
.
The maximum value out of all 39 = 19683 possibilities
under these local-realistic constraints is given by 6.
